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([DFWDQDO\WLFFKDUDFWHULVWLFLQLWLDOGDWDIRUD[LV\PPHWULFQRQURWDWLQJYDFXXP
VSDFHWLPHVZLWKDQDSSOLFDWLRQWRWKHELQDU\EODFNKROHSUREOHP
(ZDOG:HVVHOV
$OH[DQGUD5G&DSH7RZQ6RXWK$IULFD
$EVWUDFW%RQGL©VDSSURDFKWRWKHFRQVWUXFWLRQRIDFRRUGLQDWHV\VWHPLVXVHGZLWKDGLIIHUHQWFKRLFHRI
JDXJHLQDFFRUGDQFHZLWKZKLFKWKHUDGLDOFRRUGLQDWHULVDQDIILQHSDUDPHWHUWRFDVWWKHPHWULFWHQVRU
LQWRDIRUPVXLWDEOHIRUXVHZLWKWKH1HZPDQ3HQURVHQXOOWHWUDGIRUPDOLVP 7KHFKRLFHRIWHWUDGKDV
WKH UHVXOW WKDW WKH HTXDWLRQV DQG DOO WKH IXQFWLRQV WKDW DSSHDU LQ WKHP DUH UHDOYDOXHG   $ JURXS
FODVVLILFDWLRQRI WKH6DFKVHTXDWLRQV LQ WKLVJDXJH OHDGV WRDXQLTXHH[SUHVVLRQ IRU WKH ILUVWRI WKH ILYH
LQGHSHQGHQW HOHPHQWV< RI WKH:H\O VSLQRU DQG WR WKH FRUUHVSRQGLQJ H[DFW VROXWLRQV IRU WZR RI WKH
PHWULFIXQFWLRQVRQDQLQLWLDOQXOOK\SHUVXUIDFH$SURRILVSUHVHQWHGWKDWWKHUHVXOWIRU<FRQVWLWXWHV
WKHDSSURSULDWHFKDUDFWHULVWLFLQLWLDOYDOXHIXQFWLRQIRUDOOSK\VLFDOO\UHDOLVWLFD[LV\PPHWULFQRQURWDWLQJ
YDFXXP VSDFHWLPHV   ,QWHJUDWLRQ RI WKH ILHOG HTXDWLRQV RQ WKH D[LV RI V\PPHWU\ ZKHQ DQ HTXDWRULDO
V\PPHWU\ SODQH LV DOVR SUHVHQW DQG RQ WKH HTXDWRULDO SODQH LWVHOI ZKHQ WLPH UDWHV RI FKDQJH FDQ EH
QHJOHFWHG VKRZV WKDW WKHVH GDWD SURGXFH UHVXOWV FRQVLVWHQW ZLWK 1HZWRQ
V ODZV DQG ZLWK WKH
6FKZDU]VFKLOGVROXWLRQLQWKHDSSURSULDWHOLPLWV7KHVROXWLRQRQWKHD[LVRIV\PPHWU\LQGLFDWHVWKDWWKH
:H\OFXUYDWXUHLQFUHDVHVZLWKRXWOLPLWEHWZHHQEODFNKROHVDVWKHLUVHSDUDWLRQGHFUHDVHV
,QWURGXFWLRQ
,WLVZHOONQRZQWKDW(LQVWHLQ©VYDFXXPILHOGHTXDWLRQVFDQEHVROYHGLQSULQFLSOHIRUWKHPHWULFWHQVRURI
D QRQURWDWLQJ D[LV\PPHWULF YDFXXP VSDFHWLPH SURYLGHG WKDW FHUWDLQ LQLWLDO GDWD DUH VSHFLILHG   7KH
SUREOHPRI ILQGLQJ SK\VLFDOO\ LQWHUHVWLQJ VROXWLRQV WKHUHIRUH UHGXFHV WR WKDW RI ILQGLQJ WKH IRUP RI WKH
DSSURSULDWH LQLWLDO GDWD   ,W LV WKH SXUSRVH RI WKLV SDSHU WR GHPRQVWUDWH WKDW E\ FRPELQLQJ %RQGL©V
DSSURDFKWRWKHFRQVWUXFWLRQRIDFRRUGLQDWHV\VWHP>@>@ZLWKWKH1HZPDQ3HQURVHKHUHDIWHUUHIHUUHG
WRDV13VSLQRUIRUPXODWLRQRIWKHILHOGHTXDWLRQV>@LWLVSRVVLEOHWRFDVWWKHHTXDWLRQVLQWRDSDUWLFXODUO\
WUDQVSDUHQWIRUP:LWKWKHXVHRID/LHJURXSDQDO\VLVDQLQLWLDOYDOXHIXQFWLRQFDQEHREWDLQHGIURPWZR
RI WKHVHHTXDWLRQV   ,WZLOOEHVKRZQLQDSSHQGL[$ WKDW WKLV IXQFWLRQSURYLGHV WKHDSSURSULDWH LQLWLDO
GDWDIRUDOOSK\VLFDOO\UHDOLVWLFYDFXXPVSDFHWLPHVWKDWSRVVHVVDQD[LVRIV\PPHWU\DQGDUHQRQURWDWLQJ
LHWKDWKDYHUHIOHFWLRQV\PPHWU\ZLWKUHVSHFWWRURWDWLRQDERXWWKHD[LV2QHIRUPRIWKHLQLWLDOYDOXH
IXQFWLRQ \LHOGV WKH:H\O WHQVRU WKDW LV LPSOLHG E\ 1HZWRQ
V ODZV DV DQ DSSUR[LPDWLRQ RQ WKH D[LV RI
V\PPHWU\,W\LHOGVDSDLURI6FKZDU]VFKLOGVROXWLRQVDQGDVHFRQGIRUP\LHOGVDVLQJOH6FKZDU]VFKLOG
VROXWLRQDVDQDSSUR[LPDWLRQLQWKHDSSURSULDWHFDVH
&RRUGLQDWHV\VWHPDQGWHWUDGVWUXFWXUH
%RQGL©VFRRUGLQDWHVDUHEDVHGRQDVHWRIQXOOFRQHVJHQHUDWHGIURPWKHWLPHOLNHFXUYHIROORZHGE\DSRLQW
2WKDWUHPDLQVRQWKHD[LVRIV\PPHWU\7KHQXOOGLUHFWLRQVDW2DUHODEHOOHGZLWKVSKHULFDOFRRUGLQDWHV
TDQGI5DGLDOGLVWDQFHVDUHPHDVXUHGE\WKHSDUDPHWHUUWKDWFKDUDFWHULVHVLQGLYLGXDOJHQHUDWRUVRIWKH
QXOO FRQH DQG WKH FRRUGLQDWH VHW LV FRPSOHWHGZLWK D UHWDUGHG WLPH Y ZKLFK LV FRQVWDQW RQ HDFK QXOO
K\SHUVXUIDFH$VVLJQQXPHULFDOUHIHUHQFHVWRYUTDQGILQWKDWRUGHU*HRPHWULVHGXQLWVRI
PHDVXUHLQZKLFKF * DQGDVSDFHWLPHVLJQDWXUHRIZLOOEHHPSOR\HGWKURXJKRXW
1XOOJHRGHVLFVDUHFKDUDFWHULVHGE\YTI FRQVW,WIROORZVIURPWKHIDFWWKDWRQO\UYDULHVDORQJDQ
RXWJRLQJ QXOO JHRGHVLF WKDW JPXVW EH ]HUR   6\PPHWU\ XQGHU WKH UHIOHFWLRQ I Io   UHTXLUHV WKDW
J J J      
7KH DEVROXWH GHULYDWLYH RI WKH WDQJHQW WR D FXUYH DORQJ WKH VDPH FXUYH UHGXFHV WR WKH IROORZLQJ
H[SUHVVLRQLIWKHFXUYHSDUDPHWHUULVXVHGDVRQHRIWKHFRRUGLQDWHV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
HPDLODGGUHVVZHVVHOV#LDIULFDFRP
,W IROORZV WKDW LI WKH FXUYH LV DJHRGHVLF  * *      %RQGL HW DO >@ GHPRQVWUDWH WKDW WKLV
LPSOLHV WKDW WKH UDWLR J J   PXVW EH LQGHSHQGHQW RI U   7KLV DOORZV J  WR EH HOLPLQDWHG E\ WKH
WUDQVIRUPDWLRQ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ZKHUHOLVDVXLWDEOHIXQFWLRQRIYDQGT
%RQGLHWDOXVHWKHUHPDLQLQJFRRUGLQDWHIUHHGRPWRPDNHUDQDUHDGLVWDQFH,IWKHFRRUGLQDWHIUHHGRP
LV XVHG LQVWHDG WR WUDQVIRUP U LQ VXFK D ZD\ WKDW J    WKH FRQVHTXHQFH LV WKDW *     DQG U
EHFRPHVDQDIILQHSDUDPHWHU7KHPHWULFWHQVRUQRZKDVWKHFDQRQLFDOIRUPXVHGE\1HZPDQ3HQURVH
DQG WKHLU FRZRUNHUV   7KHVH FRRUGLQDWHV ORRN OLNH 5RELQVRQ7UDXWPDQ >@ FRRUGLQDWHV EXW WKHUH LV D
VLJQLILFDQWGLIIHUHQFHLQWKHIDFWWKDWWKHFXUUHQWFRRUGLQDWHVDUHUHODWHGWKURXJKWRDVHWRIQXOOFRQHV
WKDWKDYHWKHLUYHUWLFHVRQWKHD[LVRIV\PPHWU\ZKHUHDV5RELQVRQ7UDXWPDQFRRUGLQDWHVGRQRWUHTXLUH
WKHH[LVWHQFHRIQXOOFRQHV  $VSRLQWHGRXWE\3HQURVH >@ WKHSUHVHQFHRI WKHYHUWH[RQ DQXOO FRQH
SURYLGHVDFRPPRQUHIHUHQFHSRLQWWRZKLFKILHOGYDULDEOHVPD\EHUHIHUUHGE\SDUDOOHOWUDQVSRUWDORQJWKH
JHQHUDWRUVRIWKHQXOOFRQH
,ILWLVDVVXPHGWKDWWKHPDQLIROGKDVDVSLQRUVWUXFWXUH>@DQXOOWHWUDGPD\QRZEHLQWURGXFHGDWHYHU\
SRLQWRIWKHVSDFHWLPHPDQLIROGXVLQJDVUHIHUHQFHWKHWDQJHQWYHFWRU "P WRWKHQXOOJHRGHVLFVWKDWIRUP
WKHFRRUGLQDWH UD\V  $ VSLQRU VWUXFWXUH UHTXLUHV WKDW WKHPDQLIROG VKRXOGKDYH DXQLTXHRULHQWDWLRQ DW
HYHU\SRLQW7RDFKLHYHWKLVWKHQHLJKERXUKRRGRIWKHRULJLQPXVWEHVLPSO\FRQQHFWHGDQGPD\QRWEH
H[WHQGHGEH\RQGDQ\SRLQWVDWZKLFKWKHFRRUGLQDWHUD\VIRUPFXVSVLHZKHUHWKHQXOOJHRGHVLFVFURVV
RQHDQRWKHU7KLVPHDQVWKDWLQJHQHUDOWKHVSDFHWLPHZLOOKDYHGLVMRLQWFRRUGLQDWHSDWFKHV
7KHQDWXUHRIWKHFRRUGLQDWHVDQGWKHIRUPRIWKHPHWULFWHQVRUHVWDEOLVKHGDERYHPHDQVWKDW
 " "P P P PG G     
ZKHUHGLVWKH.URQHFNHUGHOWD
7KHWHWUDGLVFRPSOHWHGZLWKDVHFRQGUHDOQXOOYHFWRUQPQRUPDOLVHGVRWKDW QP P"   DQGDFRPSOH[
QXOOYHFWRUPPWRJHWKHUZLWKLWVFRPSOH[FRQMXJDWH PP IRUWKHGHWDLOVVHH13>@7KHWHWUDGYHFWRUV
DUHUHODWHGWRWKHHOHPHQWVRIWKHPHWULFWHQVRUE\WKHUHODWLRQ
 J Q Q P P P PPQ P Q P Q P Q P Q   " " 
$VLPLODUUHODWLRQKROGVIRUWKHFRPSRQHQWVRIWKHFRYDULDQWIRUPRIWKHPHWULFWHQVRU
7RVDWLVI\WKHRUWKRJRQDOLW\UHODWLRQVWKHWHWUDGYHFWRUVPXVWKDYHWKHIROORZLQJIRUP
 Q 8 ;L LP P P PG G G    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ZKHUHXVLQJWKHQRWDWLRQRI13DQGWKHLUFRZRUNHUV8 L; ZDQG L[ DUHXQNQRZQFRPSOH[YDOXHG
IXQFWLRQVRIXUDQGT8VLQJWRJHWKHUZLWKDQGJLYHVWKHHOHPHQWVRIWKHPHWULFWHQVRU
LQWHUPVRIWKHVHIXQFWLRQV
7KHYHFWRUQPFDQEHFKRVHQVRWKDWDWWKHRULJLQLWVVSDFHOLNHSURMHFWLRQOLHVLQDSODQHFRQWDLQLQJWKHD[LV
RIV\PPHWU\6\PPHWU\WKHQUHTXLUHVWKDWLWPXVWUHPDLQLQWKLVSODQHDVWKHWHWUDGSURSDJDWHVRXWZDUGV
2QH FDQ WKHUHIRUH SXW ; {  VR WKDW WKHUH LV QR DPELJXLW\ LQ SXWWLQJ ;; {    7KH FRPSOH[ QXOO
YHFWRUPPLVGHILQHGUHODWLYHWRDSDLURIUHDOYHFWRUVZKLFKVSDQWKHVSDFHOLNHK\SHUSODQHWDQJHQWWRWKH
VXUIDFHVX FRQVW  ,I WKHLPDJLQDU\D[LVLVFKRVHQ WR OLHDORQJ WKHGLUHFWLRQRI WKHFRRUGLQDWH[  WKHQ
[EHFRPHVDUHDOYDOXHGIXQFWLRQ   ,W LVHDV\ WRVKRZWKDWDOO WKHPHWULF IXQFWLRQVDUH WKHQ UHDOYDOXHG
H[FHSWIRU [ ZKLFKLVSXUHLPDJLQDU\
)RUODWHUFRQYHQLHQFHSXW 4LDQGT   [ [ ZKHUHERWKTDQG4DUHUHDOYDOXHGIXQFWLRQVRIWKH
FRRUGLQDWHV7KHPHWULFWHQVRUUHVXOWLQJIURPWKLVDQDO\VLVLV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$VLVWKHFDVHZLWK%RQGL©VPHWULFWHQVRUWKLVPHWULFFRQWDLQVHVVHQWLDOO\IRXUXQNQRZQIXQFWLRQV  7KH
DSSDUHQWUHGXQGDQF\IROORZLQJIURPWKHIDFWWKDWILYHXQNQRZQIXQFWLRQVVXUYLYHIURPWKHVSHFLILFDWLRQRI
WKHWHWUDGYHFWRUVZLOOEHVHHQODWHUWRGLVDSSHDUZKHQWKHFRQGLWLRQIRUSDUDOOHOSURSDJDWLRQRIWKHWHWUDG
LVLPSRVHG
,W LV HDV\ WR VHH WKDW WKH IXQFWLRQV Z DQG ; PHDVXUH WKH IRFXVLQJ RI WKH FRRUGLQDWH UD\V   )RU DQ
DV\PSWRWLFDOO\IODWVSDFHWLPHWKH\PXVWWHQGWR]HURDWLQILQLW\:KHQLWFDQEHDVVXPHGWKDWWKHPHWULF
WHQVRUZLOO DSSURDFK WKH6FKZDU]VFKLOG IRUPDV U o f  WKHQ WKH DIILQHSDUDPHWHU UPXVW DW WKH VDPH
WLPHWHQGWRWKH6FKZDU]VFKLOGUDGLDOFRRUGLQDWHZKLFKLVDQDIILQHSDUDPHWHUIRUUDGLDOQXOOJHRGHVLFVLQ
WKH6FKZDU]VFKLOGVSDFHWLPH$OVRLQWKLVFDVHRQHPXVWKDYH
 8 PU T U 4 Uo   o o
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ZKHUHPWHQGVWRWKH6FKZDU]VFKLOGPDVVRIWKHV\VWHP
 7KH1HZPDQ3HQURVHHTXDWLRQV
([SUHVVHGLQWHUPVRIWKHPHWULFWHQVRUDOOWKHVSLQFRHIILFLHQWVDOOWKHHOHPHQWVRIWKH:H\OVSLQRU
DQGDOOWKH13HTXDWLRQVDUHUHDOYDOXHG7KLVUHVXOWJUHDWO\VLPSOLILHVWKHHTXDWLRQVZLWKRXWDQ\ORVVRI
WUDQVSDUHQF\7KHHLJKW¦PHWULFHTXDWLRQV§WKDWUHODWHWKHVSLQFRHIILFLHQWVWRWKHHOHPHQWVRIWKHPHWULF
WHQVRUDUHDOOVDWLVILHGLGHQWLFDOO\7RDYRLGUHSHDWLQJWKHQXPHURXV13HTXDWLRQVWKHPVHOYHVWKH\ZLOOEH
UHIHUUHGWRE\WKHHTXDWLRQQXPEHUVHPSOR\HGLQ>@
7KH FRQGLWLRQ IRU SDUDOOHO SURSDJDWLRQ RI WKH WHWUDG LV WKDW WKH VSLQ FRHIILFLHQW S PXVW YDQLVK   7KLV
SURYLGHVWKHUHODWLRQ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7KH13HTXDWLRQVDWRUDUHUHGXFHGWRHTXDWLRQVZKHQLVWDNHQLQWRDFFRXQW,WFDQ
EHGHPRQVWUDWHGWKDWDQ\VROXWLRQRIWKHVHHTXDWLRQVLQWKHFXUUHQWFRRUGLQDWHV\VWHPZLOOEHUHJXODURQ
WKHD[LVRIV\PPHWU\7KLVGHPRQVWUDWHVFRQVLVWHQF\ZLWKWKHDVVXPSWLRQRIUHJXODULW\LQKHUHQWLQWKHLU
GHULYDWLRQDQG WKDWRI WKHPHWULF WHQVRU   7KHDQDO\VLVDOVRSURGXFHVDQXPEHURI UHVXOWV WKDWDUH
UHTXLUHGLQVHFWLRQ
7KHLQWHJUDELOLW\RIWKHHTXDWLRQVRQWKHD[LVRIV\PPHWU\IROORZVWULYLDOO\IURP)UREHQLXV©VWKHRUHP>@
1RWH WKDWZKLOH WKHUH LVDFRRUGLQDWHVLQJXODULW\RQ WKHD[LVSRLQWVRQ WKHD[LVFDQEH LQFOXGHG LQ WKH
XUTK\SHUSODQHE\DQDO\WLFFRQWLQXDWLRQ7KHEHKDYLRXURIWKHPHWULFWHQVRUDQGWKHWHWUDGYHFWRUVRQ
RSSRVLWH VLGHV RI WKH D[LV RI V\PPHWU\ VKRZV WKDW WKH IXQFWLRQVZ ; DQG 4PXVW EH RGG XQGHU WKH
UHIOHFWLRQ T To  7KHGHILQLWLRQVRIWKHHOHPHQWVRIWKH:H\OVSLQRUVKRZWKDWWKHVDPHPXVWEHWUXH
RIWKHIXQFWLRQV<DQG<    ,I WKHVHIXQFWLRQVDUHDQDO\WLF WKHQ WKHIXQFWLRQV WKHPVHOYHVDQGDOO WKHLU
HYHQSDUWLDOGHULYDWLYHVZLWKUHVSHFWWRTPXVWYDQLVKRQWKHD[LV7KHRSSRVLWHLVWUXHRIWKHIXQFWLRQVT
8<<DQG<7KHVHIXQFWLRQVPXVWEHHYHQVRWKDWDOOWKHLURGGSDUWLDOGHULYDWLYHVZLWKUHVSHFWWR
TPXVWYDQLVKRQWKHD[LV
7KHVSLQFRHIILFLHQWVUDQGVDOVRFDOOHG WKH¦RSWLFDOVFDODUV§ SURYLGHDGGLWLRQDO LQIRUPDWLRQ   ,Q WKH
FXUUHQWFRRUGLQDWHVWKHGHILQLWLRQVRIWKHVHIXQFWLRQVOHDGWRWKHIROORZLQJH[SUHVVLRQV
U V ww  
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6DFKV >@ ILUVW VKRZHG WKDW V PHDVXUHV WKH VKHDU RI WKH QXOO FRQJUXHQFH "P  ZKLOH U PHDVXUHV WKH
H[SDQVLRQRIWKHFRQJUXHQFH2QWKHD[LVRIV\PPHWU\VPXVWEH]HUR
(TXDWLRQVDDQGELQ13ZHUHGLVFRYHUHGE\6DFKV>@7KH\UHDG
 wUw U VU  
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,WIROORZVLPPHGLDWHO\WKDWRQWKHD[LVRIV\PPHWU\
< DQG U

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ZKHUHULVDIXQFWLRQWKDWLVLQGHSHQGHQWRIU7KHILUVWRIWKHVHWZRUHVXOWVDOVRIROORZVGLUHFWO\IURP
WKH 3HWURY FODVVLILFDWLRQ RI WKH VSDFHWLPH RQ WKH D[LV RI V\PPHWU\    7KH SRVVLELOLW\ WKDW U   
HYHU\ZKHUH FDQ EH H[FOXGHG LPPHGLDWHO\ RQ WKH EDVLV RI HOHPHQWDU\ IODWQHVV VLQFH D QXOO FRQH LQ IODW
VSDFHLVFKDUDFWHULVHGE\ zU 
6XEWUDFWLQJGIURPHLQ13PXOWLSO\LQJE\4DQGWKHQDOORZLQJWKHIXQFWLRQVWRWHQGWRWKHLU
YDOXHVRQWKHD[LVRIV\PPHWU\JLYHVDILUVWRUGHURUGLQDU\GLIIHUHQWLDOHTXDWLRQIRU Tww4 UHJDUGHGDVD
IXQFWLRQ RI X DQG U GHILQHG RQ WKH D[LV RI V\PPHWU\  :LWKRXW ORVV RI JHQHUDOLW\ WKH DQDO\VLV FDQ EH
FRQILQHG WR WKH ILUVW TXDGUDQW VR WKDW WKHYDOXHRIT RQ WKH D[LV LV VLQJOHYDOXHG DQG FRQVWDQWZLWK WKH
YDOXHT 6ROYLQJWKHHTXDWLRQWKHQJLYHVWKHUHVXOWWKDW TXI4  Tww ZKHUHIXLVDIXQFWLRQRI
LQWHJUDWLRQ  0XOWLSO\LQJ PE\4DQG OHWWLQJ WKH IXQFWLRQV WHQG WR WKHLU YDOXHVRQ WKH D[LV JLYHV
XI  ww ,WLVSRVVLEOHWKHUHIRUHWRDGRSWIX DVDQLQLWLDOYDOXHVRWKDWIRUDOOXRQWKHD[LVRI
V\PPHWU\
 wwT
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7KLV LV WKH FRQGLWLRQ IRU UHJXODULW\ RQ WKH D[LV RI V\PPHWU\   ,WV YDOLGLW\ PDNHV LW SRVVLEOH WR XVH
O©+{SLWDO©VUXOHWRHYDOXDWHWKHLQGHWHUPLQDWHIRUPVWKDWDSSHDULQWKH13HTXDWLRQVZKHQ4LVLQWKH
GHQRPLQDWRUDQGWKHHTXDWLRQVDUHHYDOXDWHGRQWKHD[LVLQWKHFXUUHQWFRRUGLQDWHV
 1XOOK\SHUVXUIDFHLQLWLDOGDWD
7KH13HTXDWLRQVFDQEHGLYLGHGLQWR¨K\SHUVXUIDFHHTXDWLRQV©WKDWLQYROYHQRGHULYDWLYHVZLWKUHVSHFWWR
XDQGWKHUHPDLQLQJHTXDWLRQVWKDWGRLQYROYHXGHULYDWLYHV7KHHTXDWLRQVFDQEHLQWHJUDWHGE\VWDUWLQJ
IURPDQLQLWLDOIXQFWLRQVSHFLILHGRQDVLQJOHQXOOK\SHUVXUIDFH7KHYDOXHVRIDOOWKHPHWULFIXQFWLRQVRQ
WKH LQLWLDOK\SHUVXUIDFHFDQEHGHWHUPLQHG IURP WKHK\SHUVXUIDFH HTXDWLRQV  7KH ILUVW GHULYDWLYHVZLWK
UHVSHFW WR X FDQ WKHQ EH GHWHUPLQHG IURP WKH UHPDLQLQJ HTXDWLRQV   +LJKHU X GHULYDWLYHV FDQ EH
GHWHUPLQHGE\GLIIHUHQWLDWLQJDOO WKHHTXDWLRQVZLWKUHVSHFWWRXDQGUHSHDWLQJWKHF\FOH  7KLVDOORZVD
IRUPDOH[SDQVLRQLQSRZHUVRIXWREHJHQHUDWHGIRUHDFKRIWKHPHWULFIXQFWLRQV7KHFRQGLWLRQVXQGHU
ZKLFKVXFKH[SDQVLRQVFRQYHUJHKDYHEHHQLQYHVWLJDWHGE\)ULHGULFK>@
,QWKHFXUUHQWIRUPXODWLRQRIWKHILHOGHTXDWLRQVWKHQDWXUDOFDQGLGDWHIRUDQLQLWLDOIXQFWLRQLV<WKHILUVW
RI WKH ILYH LQGHSHQGHQW HOHPHQWV RI WKH:H\O VSLQRU   7KLV IROORZV IURP DQ DQDO\VLV FDUULHG RXW E\
3HQURVH >@ZKRGHPRQVWUDWHG WKDW WKH YDOXHV RI< RQ WKH SRLQWV RI DQ LQLWLDO QXOO K\SHUVXUIDFH LQ DQ
DQDO\WLFHPSW\VSDFHWLPHWRJHWKHUZLWK(LQVWHLQ©V ILHOGHTXDWLRQVGHWHUPLQH WKHHQWLUHILHOG  3HQURVH
DOVRGHPRQVWUDWHGWKDWWKHVHLQLWLDOGDWDFDQEHFKRVHQIUHHO\ZLWKRXWDQ\FRQVWUDLQWVZKHQWKHUHDUHQR
FRQVWUDLQWVRQWKHJHRPHWU\RIWKHVSDFHWLPHH[FHSWSHUKDSVWKDWWKH\VKRXOGEHDQDO\WLF

 7KHDXWKRULVJUDWHIXOWR0DOFROP0DF&DOOXPIRUSRLQWLQJRXWWKLVUHVXOW
7KHK\SHUVXUIDFHHTXDWLRQVWKDWSURYLGHWKHILUVWVWHSLQWKHLQWHJUDWLRQRIWKHILHOGHTXDWLRQVLQWKHFXUUHQW
IRUPDUHWKH6DFKVHTXDWLRQVDQG,QWKHFRRUGLQDWHVXVHGKHUHWKH\WDNHDSDUWLFXODUO\VLPSOH
IRUP
 4U
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6LQFH< LV D IXQFWLRQ RI U DQG T WKDW LV QRW GHWHUPLQHG E\ WKH 13 HTXDWLRQV LW FDQ EH VSHFLILHG
LQGHSHQGHQWO\RIWKHVHHTXDWLRQVRQWKHLQLWLDOQXOOK\SHUVXUIDFH$OVRWKHWZR6DFKVHTXDWLRQVLQYROYH
GLIIHUHQWLDWLRQ ZLWK UHVSHFW WR U RQO\   7KH\ FDQ WKHUHIRUH EH WUHDWHG DV D FORVHG V\VWHP RI RUGLQDU\
GLIIHUHQWLDOHTXDWLRQVWKDWGHWHUPLQHWKHUGHSHQGHQFHRITDQG4RQFHWKHFKDUDFWHURIWKHVSDFHWLPHKDV
EHHQSUHVFULEHGE\ WKH FKRLFH RI< RQ WKH LQLWLDO K\SHUVXUIDFH  0XFK DWWHQWLRQ KDV EHHQ GLUHFWHG DW
GHWHUPLQLQJWKHQDWXUHRIDV\PSWRWLFH[SDQVLRQVWKDWFRQVWLWXWHSK\VLFDOO\UHDOLVWLFFKRLFHVIRUWKHIRUPRI
WKHLQLWLDOGDWDPDLQO\ZLWKDYLHZWRH[SORULQJWKHQDWXUHRIJUDYLWDWLRQDOUDGLDWLRQDWLQILQLW\13DQG
WKHLUFRZRUNHUVFKRVHDQH[SDQVLRQLQWHUPVRISRZHUVRIUZLWKWKHFRQGLWLRQWKDW< 2UIRUD
JHQHUDO QRWQHFHVVDULO\D[LDOO\V\PPHWULFUDGLDWLRQPHWULF  0RUHUHFHQWO\ LWKDVEHHQDUJXHG>@ WKDW
SRO\KRPRJHQHRXVVSDFHWLPHVDGPLWWLQJH[SDQVLRQVLQWHUPVRIUMORJLUPD\EHPRUHDSSURSULDWH
$V DQ DOWHUQDWLYH WR SUHVFULELQJ D VHULHV H[SDQVLRQ RI < LW VHHPV QDWXUDO WR FDUU\ RXW D JURXS
FODVVLILFDWLRQ>@RIWKH6DFKVHTXDWLRQVWRGHWHUPLQHZKHWKHUWKHUHDUHDQ\IXQFWLRQDOIRUPVIRU<
WKDWZRXOGH[WHQGWKHSULQFLSDO/LHDOJHEUDSRVVHVVHGE\WKHSDLURIHTXDWLRQV7KHSULQFLSDO/LHDOJHEUD
RIDVHWRIGLIIHUHQWLDOHTXDWLRQVLVWKH/LHDOJHEUDSRVVHVVHGE\WKHHTXDWLRQVUHJDUGOHVVRIWKHIRUPRIDQ
XQGHWHUPLQHGIXQFWLRQ2QWKHLQLWLDOQXOOK\SHUVXUIDFHWKHYDOXHRI<LVLQGHSHQGHQWRIT4DQGWKHLU
GHULYDWLYHV>@,WLVWKHUHIRUHSRVVLEOHWRSXW< <UTLQWKHVSDFHRIGLIIHUHQWLDOIXQFWLRQV>@IRU
WKHVH HTXDWLRQV   ,W IROORZV WKDW WKH SULQFLSDO /LH DOJHEUD RI   FRUUHVSRQGV WR WKH SDLU RI VFDOH
WUDQVIRUPDWLRQVRITDQG47KLVLVFRQVLVWHQWZLWKWKHIDFWWKDW(LQVWHLQ©VILHOGHTXDWLRQVDUHLQYDULDQW
XQGHUVFDOHWUDQVIRUPDWLRQVRIWKHHOHPHQWVRIWKHPHWULFWHQVRU>@+RZHYHUQRWHWKDWWKLVKROGVIRU
WKH IXOO VHWRI ILHOGHTXDWLRQVRQO\ZKHQ WKHVDPH UHVFDOLQJ IDFWRU LVDSSOLHG WRDOO WKHHOHPHQWVRI WKH
PHWULFWHQVRU,WWXUQVRXWWKDWLI<LVUHJDUGHGDVLQYDULDQWDGGLWLRQDOV\PPHWULHVDSSHDULIDQGRQO\
LI<WDNHVWKHIROORZLQJIRUP>@7KHYDOXHX GHVLJQDWHVWKHVLQJOHQXOOK\SHUVXUIDFHRQZKLFK
WKHUHVXOWDSSOLHV

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ZKHUHDDQGWKHELDUHIXQFWLRQVWKDWDUHLQGHSHQGHQWRIU
7KHHTXDWLRQVWKHQSRVVHVVDWKUHHGLPHQVLRQDO/LHDOJHEUDVSDQQHGE\WKHRSHUDWRUV

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ZKHUH;DQG;FRQVWLWXWHWKHSULQFLSDO/LHDOJHEUD
7KH DQDO\VLV LQ DSSHQGL[$ GHPRQVWUDWHV WKDW WKH K\SHUVXUIDFH HTXDWLRQV IRU DQ\ VROXWLRQ RI WKH ILHOG
HTXDWLRQVUHSUHVHQWLQJDSK\VLFDOO\UHDOLVWLFQRQURWDWLQJD[LV\PPHWULFVSDFHWLPHPXVWEHLQYDULDQWXQGHU
D/LHSRLQW WUDQVIRUPDWLRQ WKDW WUDQVIRUPV WKHFRRUGLQDWH U DV WKHRSHUDWRU; GRHV DQG WKDW OHDYHV WKH
IXQFWLRQ<LQYDULDQW7KHRQO\IXQFWLRQDOIRUPRI<WKDWDOORZVWRDGPLWVXFKDV\PPHWU\LV
,WIROORZVWKDW<PXVWWDNHWKHIRUPRQDQLQLWLDOQXOOK\SHUVXUIDFHIRUDQ\VROXWLRQUHSUHVHQWLQJD
SK\VLFDOO\ UHDOLVWLF QRQURWDWLQJ D[LV\PPHWULF YDFXXP VSDFHWLPH   7KH DQDO\VLV LQ DSSHQGL[ $ DOVR
LQGLFDWHV WKDW WKH ELPXVW EH FRQVWDQWV    7KH IXQFWLRQ D DULVHV DV D IXQFWLRQ RI LQWHJUDWLRQ DQG LV LQ
JHQHUDODIXQFWLRQRIT
3HQURVH©VUHVXOW>@FRQFHUQLQJLQLWLDOQXOOGDWDLVH[WHQGHGE\DWKHRUHPGXHWR)ULHGULFK>@WKDWSURYHV
WKHH[LVWHQFHRIDQDO\WLFVROXWLRQVRI(LQVWHLQ©VILHOGHTXDWLRQVIRUDQDO\WLFLQLWLDOGDWDRQSDVWQXOOLQILQLW\
DQGRQDQLQFRPLQJQXOOK\SHUVXUIDFH1RWHWKDWWKHYHUWH[FRUUHVSRQGLQJWRDQ\SDUWLFXODUQXOOFRQHLVD
SRLQW WKDW LV VWULFWO\ VSHDNLQJ QRWSDUW RI WKHQXOO K\SHUVXUIDFH DVVRFLDWHGZLWK WKDW FRQH  5HJXODULW\
FRQGLWLRQV WKHUHIRUHKDYH WREH LPSRVHGDW WKHYHUWH[ WR UHIOHFWE\DQDO\WLFFRQWLQXDWLRQ WKH UHJXODULW\
WKDWLVDVVXPHGWRH[LVWRQWKHQXOOK\SHUVXUIDFHDVVRFLDWHGZLWKWKHSDVWQXOOFRQH,WIROORZVWKDWWKHUH
DUHH[DFWDQDO\WLFVROXWLRQVRI(LQVWHLQ©VILHOGHTXDWLRQVFRUUHVSRQGLQJWRWKHLQLWLDOQXOOGDWDSURYLGHGE\
  7KHVHVROXWLRQVFDQEHIRXQG LQSULQFLSOHE\ WKHSURFHGXUHRXWOLQHGDERYHEXW LQSUDFWLFH WKH
FRPSOHWHLQWHJUDWLRQRIWKHHTXDWLRQVUHPDLQVDIRUPLGDEOHFRPSXWDWLRQDOSUREOHP
7KH VROXWLRQV RI  ZLWK< LQ WKH IRUP  WDNH ILYH GLIIHUHQW IRUPV GHSHQGLQJ RQ WKH UHODWLYH
PDJQLWXGHV RI D DQG WKH EL    $VVXPLQJ E z  WKHQ LW LV SRVVLEOH WR VHW E      ,I
DEE   WKHVROXWLRQFDQEHSXWLQWKHIRUP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ZKHUHTDQGITDUHIXQFWLRQVRILQWHJUDWLRQWKDWDUHLQGHSHQGHQWRIU
7KH FRUUHVSRQGLQJ VROXWLRQ IRU 4 LV VLPLODU H[FHSW WKDW WKH VLJQ RI D LV UHYHUVHG   )RU WKH FDVH
DEEE 

 ! WKHSRO\QRPLDOLQWKHGHQRPLQDWRURIKDVWZRXQHTXDOURRWVDWZKLFK<KDV
VLQJXODULWLHV  3XWWLQJE VR WKDW WKHH[SUHVVLRQXQGHU WKHVTXDUHURRWVLJQUHPDLQVSRVLWLYH LQ WKH
DSSOLFDWLRQWREHGLVFXVVHGEHORZWKHVROXWLRQLQWKLVFDVHFDQEHSXWLQWKHIRUP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7KHFRUUHVSRQGLQJVROXWLRQ IRU4 LV VLPLODUH[FHSW WKDW WKH VLJQRI D LV UHYHUVHG  2WKHU IRUPVRI WKH
VROXWLRQDUHJLYHQLQDSSHQGL[%
:KHQWKHFRRUGLQDWHUFDQH[WHQG WR LQILQLW\ZLWKRXWHQFRXQWHULQJVLQJXODULWLHVDV LV WKHFDVHZKHQ WKH
VROXWLRQWDNHVWKHIRUPWKHQTDQG4WHQGWRWKHLUIODWVSDFHYDOXHVDVUWHQGVWRLQILQLW\ZKLOHDDQG
WKHEL UHPDLQ ILQLWH DVVXPLQJDSSURSULDWHYDOXHV IRU WKH IXQFWLRQV RI LQWHJUDWLRQ  7KHVH DUH DOVR WKH
YDOXHVTDQG4WDNHIRUWKH6FKZDU]VFKLOGVROXWLRQ,WLVHDV\WRVKRZWKDWWKH6FKZDU]VFKLOGPHWULFLV
LQGHHGDWULYLDOVROXWLRQRIWKHHTXDWLRQVFRUUHVSRQGLQJWRWKHFDVHD 
 7KH H[DFW VROXWLRQ RQ WKH D[LV LQ WKH LQLWLDO QXOO K\SHUVXUIDFH ZKHQ E    DQG WKHUH LV
UHIOHFWLRQV\PPHWU\DERXWWKHRULJLQZLWKUHVSHFWWRU
7KH WUDQVIRUPDWLRQV FRUUHVSRQGLQJ WR  DUH RQHSDUDPHWHU GLIIHRPRUSKLVPV   $FFRUGLQJO\ WKH\
GHVFULEHFRRUGLQDWHWUDQVIRUPDWLRQVZLWKLQDVLQJOHFRRUGLQDWHSDWFK,QWKHFDVHRIDSDLURIEODFNKROHV
PRYLQJDORQJWKHD[LVRIV\PPHWU\IRFXVLQJRIWKHFRRUGLQDWHUD\VZRXOGJLYHULVHWRDFRRUGLQDWHSDWFK
WKDWHQFORVHVDQLQWHUYDORIWKHD[LVLWVHOIEHWZHHQWKHSDLUEXWGRHVQRWH[WHQGWRLQILQLW\7KHVROXWLRQRQ
WKDWSDUWRIWKHD[LVHQFORVHGEHWZHHQWKHWZREODFNKROHVZRXOGWKHUHIRUHRQO\GHVFULEHWKHJUDYLWDWLRQDO
ILHOGPHDVXUHGE\REVHUYHUVZKRDUHWKHPVHOYHVRQWKDWSDUWRIWKHD[LV
:KHQWKHRULJLQOLHVEHWZHHQDSDLURIEODFNKROHVWKHUHZLOOEHVLQJXODULWLHVRQWKHD[LVRQERWKVLGHVRI
WKHRULJLQ,WLVQDWXUDOWKHUHIRUHWRXVHIRUWKLVFDVH,WIROORZVIURPDQGWKDWDLV]HUR
RQ WKH D[LV RI V\PPHWU\  :KHQ D  WHQGV WR ]HUR  FDQ EH EURXJKW LQWR WKH IRUP UT   E\
DVVXPLQJWKDWE WKDWITWHQGVWR]HURDV T o  DQGWKDWTWHQGVWRWKHYDOXH  ,WIROORZV
IURPDQGWKDWWKLVYDOXHRITRQWKHD[LVLVDSSURSULDWHWRDQREVHUYHUZKRFRLQFLGHVZLWKWKH
SRLQW2IURPZKLFKWKHQXOOFRQHVWKDWGHILQHWKHFRRUGLQDWHV\VWHPDUHJHQHUDWHG
:LWK T LQGHSHQGHQW RI X RQ WKH D[LV RI V\PPHWU\ WKH 13 HTXDWLRQV FDQ EH VROYHG IRU Tww;  DQG
TwZw  RQ WKH D[LV XVLQJ 13 HTXDWLRQV I J  K DQG  DERYH   7KH UHVXOWLQJ
H[SUHVVLRQVFDQEHXVHGLQODIWHUPDNLQJXVHRIO©+{SLWDO©VUXOHFRPELQHGZLWKIWRREWDLQD
VHFRQGRUGHUOLQHDUGLIIHUHQWLDOHTXDWLRQIRU87KHVROXWLRQRQWKHD[LVRIV\PPHWU\LV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ZKHUHWKHNLDUHFRQVWDQWVRILQWHJUDWLRQ7KHLQWHJUDQGVFDQEHHYDOXDWHGXVLQJWDNLQJDFFRXQWRI
WKHV\PPHWU\SURSHUWLHV GLVFXVVHG LQ VHFWLRQ RI4DQGT DQG WKHLUGHULYDWLYHVZLWK UHVSHFW WRTDQG
RI
$VVXPHE LVQRQQHJDWLYHVR WKDWRQHFDQSXWE G   7KHFRQVWDQWVRI LQWHJUDWLRQNDQGNFDQEH
HYDOXDWHGXVLQJO
+{SLWDO
VUXOHDQGWKHFRQGLWLRQWKDW8PXVWKDYHDILQLWHOLPLWDV U o  7KHIXQFWLRQ
OLQFDQEHQRUPDOLVHGVRWKDWLWLVXQLW\RQWKHD[LV,WWKHQIROORZVIURPWKHFRQVWUXFWLRQRIWKH
FRRUGLQDWHV\VWHPWKDW 8  DWU 8VLQJWKLVFRQGLWLRQLWIROORZVWKDW
 D
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,IRQHDVVXPHVUHIOHFWLRQV\PPHWU\ZLWKUHVSHFWWRUDERXWWKHRULJLQRQHFDQUHTXLUHWKDW U8 oww DV
U o 7KLVFRQGLWLRQDOORZVNWREHGHWHUPLQHG
)URPILQ13DQGWKHIDFWWKDWZPXVWEH]HURRQWKHD[LVRIV\PPHWU\LWIROORZVWKDW
 
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8VLQJ WKH DERYH UHVXOWV LQ  DQG WKHQ VXEVWLWXWLQJ LQ  JLYHV DQ H[SUHVVLRQ IRU< WKDW LVZHOO
EHKDYHGDV U o  DQGJLYHVWKHOLPLW
 
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7KLVH[SUHVVLRQFDQEHFRPSDUHGZLWK WKH1HZWRQLDQHTXLYDOHQW IRUDSDLURI LGHQWLFDOPDVVLYHERGLHV
HDFKRIPDVVPORFDWHGDWSRVLWLRQVVDQGVUHODWLYHWRDQRULJLQDWWKHLUFHQWUHRIPDVV7KLVFDQEH
FDOFXODWHG IURP WKH JHRGHVLF GHYLDWLRQ HTXDWLRQ DSSOLHG WR D SDLU RI WHVW SDUWLFOHV VHSDUDWHG E\ DQ
LQILQLWHVLPDOVSDFHOLNHGLVSODFHPHQWDORQJWKHD[LVRIV\PPHWU\DQG LQLWLDOO\DW UHVWDWDGLVWDQFHU IURP
WKHFHQWUHRIPDVV7DNLQJLQWRDFFRXQWWKDWLQDQHPSW\VSDFHWLPHWKH:H\OWHQVRUHTXDOVWKH5LHPDQQ
WHQVRU DQG WKDW IURP WKH GHILQLWLRQ RI< LQ WKH WHWUDG HPSOR\HG KHUH  & <  RQ WKH D[LV RI
V\PPHWU\RQHILQGVVLQFHWKHIRXUYHORFLWLHVRIWKHWHVWSDUWLFOHVFDQEHFRQVLGHUHGWREHRUWKRJRQDOWR
WKHD[LVRIV\PPHWU\DWU 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,IGLVLGHQWLILHGZLWKVDQGRQHSXWV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WKHQWKHOLPLWLVLGHQWLFDOWRWKDWRIWKH1HZWRQLDQH[SUHVVLRQDWU RQWKHQXOOK\SHUVXUIDFH
XQGHUFRQVLGHUDWLRQ7KLVLVDVDWLVI\LQJUHVXOWFRQVLGHULQJWKDWDPXVWEH]HURZKHQ P  DQGZKHQ
G  1RWHDOVRIURPWKDWZLWKWKLVUHVXOWWKHTGHULYDWLYHVRITDQG4WHQGWRWKHLUIODWVSDFH
YDOXHVDV GP o 
6XEVWLWXWLQJIRUWKHNLLQDQGXVLQJWKHLGHQWLILFDWLRQ\LHOGVWKHPHWULFIXQFWLRQ8RQWKHD[LVRI
V\PPHWU\ LQDQXOOK\SHUVXUIDFHIRU WKHPD[LPDOO\V\PPHWULFFDVHGHDOWZLWKKHUH LH WKDWRIDSDLURI
LGHQWLFDOQRQURWDWLQJEODFNKROHVORFDWHGRQDQD[LVRIV\PPHWU\ZLWKWKHRULJLQDWWKHLUFHQWUHRIPDVV
 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7KH YDOXH RI8 FRUUHVSRQGLQJ WR WKH1HZWRQLDQ DSSUR[LPDWLRQ  IRU< FDQ EH REWDLQHG E\ XVLQJ
&KRRVLQJWKHFRQVWDQWVRILQWHJUDWLRQDSSURSULDWHO\WKLV\LHOGV
 
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7KLVFOHDUO\DSSUR[LPDWHVWRDSDLURI6FKZDU]VFKLOGVROXWLRQVHDFKRIPDVVPFHQWUHGDW GU r IRUG
ODUJHFRPSDUHGZLWKPDQGG¤UVPDOOFRPSDUHGZLWKGU  7D\ORUH[SDQVLRQVDERXW WKHYDOXHU 
VKRZWKDWDQGDUHLGHQWLFDOIRUVPDOOUGGLIIHULQJRQO\IURPWKHIRXUWKRUGHUWHUPVRQZDUGV
7KLVPHDQV WKDW WKH H[DFW UHODWLYLVWLFPHWULF IXQFWLRQ  ZRXOG EH LQGLVWLQJXLVKDEOH IURP  LQ D
VXIILFLHQWO\VPDOOQHLJKERXUKRRGRIWKHRULJLQ
1RWHWKDWWHQGVWRWKHYDOXH   GOQP  DV U o 7KHIDFWWKDW8GRHVQRWEHFRPH]HUR
IRU GU d XQWLO G P|   FDQEH LQWHUSUHWHGDVIROORZV  )RUDFRRUGLQDWHUD\DWDQ LQILQLWHVLPDOEXW
QRQ]HURDQJOHTWKHPHWULFIXQFWLRQTLVJLYHQE\:LWKE]HURDQGE GTZLOOKDYHWZR]HURV
DWSRVLWLRQV U G r 7KLVPHDQVWKDWWKHQXOOJHRGHVLFFRQJUXHQFHHPDQDWLQJIURPWKHRULJLQKDVFXVSV
DWWKHVHSRLQWV7KHIDFWWKDW8DVJLYHQE\LVJUHDWHUWKDQ]HURXQWLOUHODWLYHO\VPDOOYDOXHVRIG
FDQEHLQWHUSUHWHGWRPHDQWKDWIRUODUJHUVHSDUDWLRQVRIWKHSDLURIEODFNKROHVDFXVSLVHQFRXQWHUHGDORQJ
WKHD[LVEHIRUHDSRLQWRILQILQLWHUHGVKLIWLVUHDFKHG
6XEVWLWXWLQJIURPLQ
 U G
POLP  <  To 
7KLV H[SUHVVLRQ LV LGHQWLFDO WR WKH 1HZWRQLDQ H[SUHVVLRQ IRU D SDLU RI SRLQW PDVVHV HDFK RI PDVV P
VHSDUDWHGE\DGLVWDQFHG+RZHYHUQRWHWKDWLQWKHUHODWLYLVWLFFDVHGLVPHDVXUHGLQWHUPVRIDQDIILQH
SDUDPHWHU DQG LV WKH GLVWDQFH WKDW VHSDUDWHV WKH SDLU RI SRLQWV RQ D QXOO JHRGHVLF DORQJ WKH D[LV RI
V\PPHWU\WKDWDUHFRQMXJDWHWRWKHRULJLQ  $QLQWHUHVWLQJFRQFOXVLRQIROORZVIURPWKLVUHVXOWVLQFHWKH
QXOOK\SHUVXUIDFHRQZKLFKWKHUHVXOWKROGVLVDUELWUDU\WKH¦WLGDOIRUFH§FRPSRQHQWRIWKH:H\OWHQVRURQ
WKH D[LVRI V\PPHWU\EHWZHHQDSDLURI QRQURWDWLQJEODFNKROHV LQKHDGRQ FROOLVLRQ LQFUHDVHVZLWKRXW
OLPLWDVWKHSRLQWVRQWKHD[LVDWZKLFKWKHUHDUHFXVSVLQWKHQXOOFRQJUXHQFHHPDQDWLQJIURPWKHRULJLQ
DSSURDFKRQHDQRWKHU  7KLV UHVXOW LVSUREDEO\YDOLGPRUHJHQHUDOO\ WKDQ IRU WKHPD[LPDOO\ V\PPHWULF
FDVHFRQVLGHUHGKHUH
 7KHVROXWLRQRQ WKH HTXDWRULDOSODQHZKHQ WKHUH LV UHIOHFWLRQ V\PPHWU\DERXW WKHRULJLQDQG
WLPHUDWHVRIFKDQJHFDQEHQHJOHFWHG
7KHV\PPHWU\UHODWLRQVRQWKHHTXDWRULDOSODQHZKLFKLVDSODQHRIUHIOHFWLRQV\PPHWU\LQWKHFDVHEHLQJ
FRQVLGHUHGDUH
 84T;  Tw
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$VHFRQGRUGHUGLIIHUHQWLDOHTXDWLRQIRU8LQWHUPVRITDQG4FDQEHREWDLQHGIURP13HTXDWLRQVJ
¤KE\VXEVWLWXWLQJIRU<IURPIDQGE\XVLQJWKHV\PPHWU\UHODWLRQVLQ$VVXPLQJ
WLPHUDWHVRIFKDQJHFDQEHQHJOHFWHGWKHVROXWLRQLVH[DFWO\6FKZDU]VFKLOGZKHQTDQG4WDNHWKHIRUPV
8VLQJWKHQRQVLQJXODUIRUPVIRUTDQG4WKHVROXWLRQLV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ZKHUHFDQGFDUHFRQVWDQWVRILQWHJUDWLRQDQGWKHV\PEROA LQGLFDWHVWKDWWKHHTXDWLRQDSSOLHVRQWKH
HTXDWRULDOSODQHLQWKHLQLWLDOQXOOK\SHUVXUIDFH7KLVH[SUHVVLRQFDQEHH[SDQGHGDVD7D\ORUVHULHVLQU
DURXQGWKHSRLQWU &KRRVLQJF  
 DQGF PWKHUHVXOWLV
  A 
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7R ILUVW RUGHU WKLV LV D VLQJOH 6FKZDU]VFKLOG VROXWLRQ ZLWK PDVV P ZKHQ WKH IXQFWLRQV WKDW DUH
LQGHSHQGHQWRIUDUHILQLWH
&RQFOXVLRQ
$OWKRXJKWKHFRPSOHWHVROXWLRQKDVEHHQFRPSXWHGRQO\ LQ WKH LQLWLDOQXOOK\SHUVXUIDFHIRU WKHVLPSOHVW
FDVHV RI WKH JHQHUDO D[LV\PPHWULF SUREOHP WKH UHVXOWV FOHDUO\ VKRZ WKDW WKH FKDUDFWHULVWLF LQLWLDO YDOXH
IXQFWLRQSURGXFHVH[SUHVVLRQVWKDWDUHFRPSDWLEOHLQWKHDSSURSULDWHOLPLWVZLWK1HZWRQ
VODZVDQG
ZLWKWKH6FKZDU]VFKLOGVROXWLRQ7RSURJUHVVEH\RQGWKHVLPSOHVWFDVHVVXEVWDQWLDOFRPSXWLQJSRZHULV
UHTXLUHGDQGLWLVQHFHVVDU\WRHYDOXDWHGLIILFXOWTXDGUDWXUHV
7KHSURVSHFWRIGHWHFWRUVFDSDEOHRIPHDVXULQJJUDYLWDWLRQDOUDGLDWLRQIURPDVWURSK\VLFDOHYHQWVKDVOHGWR
PXFK ZRUN RQ QXPHULFDO VROXWLRQV RI (LQVWHLQ©V HTXDWLRQV >@   7KLV ZRUN LV XOWLPDWHO\ GLUHFWHG DW
XQGHUVWDQGLQJ WKHJUDYLWDWLRQDO UDGLDWLRQH[SHFWHG WREHSURGXFHGE\ DSDLURIEODFNKROHV VSLUDOOLQJ LQ
WRZDUGVRQHDQRWKHU  :RUNRQYDFXXPVROXWLRQVFRPSOHWHG WRGDWHKDV LQFOXGHG WKHFDVHRIDSDLURI
QRQURWDWLQJ EODFN KROHV LQ KHDGRQ FROOLVLRQ VWDUWLQJ IURP LQLWLDO GDWD WKDW UHSUHVHQW ¦WZR QRQURWDWLQJ
EODFNKROHVSRLVHGQHDURQHDQRWKHULQDPRPHQWDULO\VWDWLRQDU\FRQILJXUDWLRQ§>@  7KHVHLQLWLDOGDWD
DUH EDVHG RQ DQ H[DFW VROXWLRQ RQ D K\SHUVXUIDFH RI WLPH V\PPHWU\ REWDLQHG E\0LVQHU >@   7KH
VROXWLRQWRWKHLQLWLDOYDOXHSUREOHPUHSRUWHGKHUHUHOD[HVWKHUHTXLUHPHQWRIWLPHV\PPHWU\
6RPHZRUNHUVKDYHXVHGDSSUR[LPDWHLQLWLDOGDWD>@IRUQXPHULFDOVROXWLRQV+RZHYHUWKHXQFHUWDLQW\
LQKHUHQW LQ LQH[DFW PHWKRGV RI VROYLQJ (LQVWHLQ©V HTXDWLRQV DQG WKH LPSRUWDQFH RI REWDLQLQJ H[DFW
VROXWLRQVZKHUHYHUSRVVLEOHKDVEHHQVWUHVVHGE\(OOLV>@$QH[DFWDQDO\WLFUDGLDWLRQVROXWLRQFDQEH
REWDLQHGLQSULQFLSOHIURPDQH[WHQVLRQRIWKHZRUNUHSRUWHGKHUHDVRXWOLQHGLQVHFWLRQ,IWKLVFDQEH
DFKLHYHGLQSUDFWLFHHYHQIRUDUHVWULFWHGVSDWLDOJHRPHWU\VXFKDVWKDWRIVHFWLRQWKHUHVXOWZLOOVHUYH
DVDYDOLGDWLRQWHVWIRUQXPHULFDOFRGHV
1XPHULFDOPHWKRGVDUH LQKHUHQWO\QRWVXLWHG WR WKH LQYHVWLJDWLRQRI ILHOGV LQ WKHYLFLQLW\RI VLQJXODULWLHV
DQG WKH FXUYDWXUH VLQJXODULW\ UHYHDOHG E\ H[SUHVVLRQ  KDV QRW SUHYLRXVO\ EHHQ UHSRUWHG   5HFHQW
HYLGHQFH FRQFHUQLQJ WKH SUHVHQFH RI EODFN KROHV LQ JDODFWLF QXFOHL >@ DQG HYLGHQFH OLQNLQJ JDODFWLF
FROOLVLRQV WRTXDVDUV>@VXJJHVW WKDW WKHH[DFWVROXWLRQIRU WKHVWURQJDQG UDSLGO\YDU\LQJ ILHOGV LQ WKH
YLFLQLW\RIWKLVVLQJXODULW\LVOLNHO\WROHDGWRYDOXDEOHLQVLJKWVFRQFHUQLQJSK\VLFDOO\REVHUYDEOHSURFHVVHV
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